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Notation and basic  r e l a t i o n s  

P mass dens i ty  of f l u i d  

V 

P s t a t i c  pressure 

s p e c i f i c  volume =: - 1 
P 

R gas constant (defined f o r  u n i t  mass) 

T absolute temper a t  w e  

s p e c i f i c  hea t  a t  constant pressure (for u n i t  mass) cP 
C V  s p e c i f i c  heat  a t  constant volume ( f o r  u n i t  mass) 

h enthalpy = CPT (defined for u n i t  mass) 

AST change in  entropy = . T  

.L 

rn mass 

J mechWIical equivalent of hea t  

Y r a t i o  of s p e c i f i c  heats  a t  constant  pressure and 

constant volume 

E modulus of e l a s t i c i t y  

Q 
W 

added hea t  energy per u n i t  mass 

work'done. by external  fo rces  on u n i t  mass 

XY Y r e  c t mgul a r  coordinate B 

i =  fi 
z 

cp ve loc i ty  p o t e n t i a l  

3r stream funct ion 

complex va r i ab le  = x + i y  

U Y  v components of f l u i d  ve loc i ty  p a r a l l e l  t o  rec tangular  

axes of x and y ( redef ined for po la r  coordinates)  
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W 

6 

T 

8 

M 

P 

S 

9 

g 

r e s u l t a n t  f l u i d  speed i n  two dimensions, w2 = u2 + v2, 

also component of u e l o c i t y  i n  d i r e c t i o n  of z- 

axis i n  three  dimensions 

A n g l e  between r e s u l t a n t  f l u i d  v e l o c i t y  and x - axis 

u = w cos 6 ;  v = w s i n  6 

m a x i m u m  speed which can be a t t a i n e d  by f l u i d  = speed 

when p = 0, p = 0, and a = o 

nondimensional speed variRbleTaiW 

l o c a l  speed of sound 

MRch number = 1?! 
pressure c o e f f i c i e n t  = 4~ 

area  normal to d i r e c t i o n  o f  flow 

8 

9 

dynamic pressure ,  -pw 1 2  
2 

acce le ra t ion  of g r a v i t y  

t t i m e  

Polar coordinates 

Q 

c r ,  0 pol- coordinates of po in t  

u ,v  v e l o c i t y  d o n g  and perpendicular t o  r ad ius  vec tor  
c 

r e s p e c t i v e l y  u = - - 2, v. v = -  1 bcp 
b.’ F d e  

v e l o c i t y  p o t e n t i a l  (def ined by above equat ions f o r  

polar coordinates ) 
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w angular ve loc i ty  

0 an@ a r  accelerat ion 

Subscr ip ts  

0 stagnat ion point  

8 free stream 

2 l o c a l  po in t  in  flow 

t 

i 

m maximum value of var iable  

th roa t  sec t ion  (minimum cross  s e c t i o n )  

inc ompre ss i bl e f 1 ow 

c r  

1 , 2  my t w o  values o f  the varfable 

No subscr ip t ,  any point in  the f l o w  

c r i t i c a l  value of variable (def ined i n  t e x t )  

. 
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Thernodynamic r e l a t i o n s  

1. 

2. 

3. 

4. 
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General gas law 

pV = RT (where R is defined f o r  u n i t  mass) 

Heat t r a n s f e r  a t  constant pressure o r  vo~ume ( s p e c i f i c  

hea ts  ) 

(a) At constant volume: dC = C+dT 

(b) A t  constant pressure:  dQ = C p d T  = C p d T  +a 
J 

Expressions involving s p e c i f i c  hea ts  and genera l  gas 

l a w  (enthalpy)  

( a )  cp - C, - 3  - - 
J 

1 

(d) h = CPT = enthalpy 

( e )  h =  R T  + E =  pv + E  
J ( Y - 1 )  J J ( Y - 1 )  J 

(f) h = 2 2 :  or mh = A%? ( f o r  mass m; h = 
Y - 1  pJ Y-1  PJ enthalpy f o r  u n i t  

mass) 

General energy equation 

( a )  Equation i n  d i f f e r e n t i a l  form 
dw2 
2 

Integrated-  expression for u n i t  mass 

mJCvdT + mpdV + ndW + m J d Q  + - = constant 

(b) 
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JC T + PlVl + W + JQ + - W12 - JC T + p2V2 + - w22 
2 9 2  2 V l  

( c )  Energy equat ion for adiaba t ic  flow (VJ = Q = 0) 

( d )  Energy equat ion for ad iaba t i c  flow involving 

s tagnat ion  (wo = 0) I 

w2 = 2J(h0 - h) I o r  

2 and w m u  = 2Jh0 

2 o r  L p o = Y p . -  W 

r-1 Po Y - 1  P 2 

5. I s en t rop ic  flow r e l a t i o n s  

Y - 1  

6. Other u se fu l  r e l a t i o n s  

( a )  Adiabatic temperature r i se  
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. 

2 AT = - 
2JCp 
W 

(b) Intr ins ic  energy of unit mass = work done 

against external pressure when gas i s  expanded 

adiabatical ly  t o  zero density: 
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Vsloc i ty  of Sound I n  Air 

1. Ibbthods D f  de r iva t ion  

( E ’  Derivat ion by momentum considerat ions i n  one 

dimension and elastic bar analogy y ie lds  

(b) ibduct lon  t o  the gcnerel  wave oquation lh one 

dimension 

2. The verious expressions for the v a l o c i t y  of sound 

(a )  S u b s t i t u t i o n  of the bulk modulus 

E = & i n  l(a) la,.ids t o  
dP 

dP - = a2 
dP 

as i n  l ( b )  

(b) For t h o  od laba t ic  process dp =E 
and 

dP P - 

( c )  For t h o  isothermal process - dP = - P dP P 
and 



. 
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( d )  From 2(b) and the general  gas l a w  pV = RT 

3. Expressions r e l a t i n g  the ve loc i ty  of sound a t  s eve ra l  

poilzts i n  the  flow (ad iaba t i c  process), 

Equation r e l a t i n g  any two poin ts  on a s t reamline ( a )  

(b) Equation r e l a t i n g  l o c a l  and s t ream points  

( c )  Equation r e l a t i n g  s tagnat ion  and stream points  

1 

(a )  Equation r e l a t i n g  th roa t  and s tagnat ion  points .  
Conbination o f  the condi t ion f o r  son ic  ve loc i ty  

Y - - y-1 w i t h  the ad iaba t i c  r e l a t i o n  - \Y+1)- and 2(b) y ie lds  i- 
' Pt 

Po 
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( e )  Equation r e l a t i n g  

and 

1 

\ 

and stream 

-I 

4. Velcci ty  o f  sound 

ve loc i ty  

i n  terms of the maximum 

PO i n t s  

a t t a i n a b l e  

- wm 
E- a, - 

at = w m / S  ‘ Y+1 



0. 

0 

. 
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Systems of Coordinates and Transformation Equations 

1. Complex var iab le  and p o t e n t i a l  func t ion  

z = x + i y  = r ( c o s  e + i s i n  e )  
the complex coordinate of  P(x,y) i s  given by 

ie z= r e  

-4c 

\ i -  - -  
_. c - 

The poten t i& funct ion  f ( z )  = c, + i$ permi ts - repre-  

s e n t a t i o n  of any i r r o t a t i o n a l  motion i n  ~ l ~ g  one 

equat ion and has the property d f o .  = - iv 
dz  

2 .  The Joukowskl t ransforna t ion  
a2 

w i t h  i t s  center  a t  the o r i g i n  of the z plane i n t o  the 

l i n e  segment (-2a, 0; 2a, 0)  i n  the t plane. The c i r c l e s  

The r e l a t i o n  f = z + - maps the c i r c l e  of r ad ius  a 
Z 

concentr ic  w i t h  the c i r c l e  of r ad ius  a a re  transforned 

i n t o  a family of  confocal e l l i p s e s  w i t h  common f o c i  a t  

(-2a, 0 )  and (2a,  0). If R(>a) denotes the rad ius  of one 

of  these  c i r c l e s ,  then the semimajor and semiminor axes of  

the ell ipse i n t o  which it  is transformed are, respec t ive ly ,  
2 2 a a 

R R , the thickness r a t i o  becomes R + - and R - - 0  

t =  

2 a R- R a o = -  
R 
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By displacing the center  o f  the c i r c l e ,  a whole s e r i e s  

o f  a i r f o i l  shapes are obtained (Joukowski p r o f i l e r  ) and the 

corresponding ve loc i ty  and pressure d i s t r i b u t i o n  can be 

c a1 culated.  

3. . ( a )  Legendre contact t r ans fo rna t ion  f o r  tw.0 

independent var iables  

The surface cp = c, (x,y) goes over i n t o  the 

surf ace 

( b )  By means o f  the previous t ransforna t ion ,  the 

equat ion f o r  the ve loc i ty  p o t e n t i a l  i n  the 

physical  plane 

is  transformed i n t o  the hodograph equat ion 



- 12 - 
v 

Fquat iom o f  motion 

1, Euler ' s  equations (w = component o f  ve loc i ty  i n  
z d i r e c t i o n )  

- dV + u- 6 V  + v- bV + w- dv = y - 3 92 
- a t  dX by d z  bY 

Where X, Y, and Z are the components of extraneous 

fo rces  per u n i t  maas a t  point x, y, z a t  t i m e  t. 

2. Lagrangfan forms of the dynamical equations 

Sy use of  the Lagrangian equations 

m e r e  a ,  b ,  and c are i n i t i a l  coordinates of any 

p a r t i c l e  of f luid&ence a ,  b, c,  and t are the  independent 

variables), 

Euler 1 s equations : 

There are obtained the following forms of  
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. 

3. Equetionsof motion f o r  two dimensional s teady motion 

i n  polar coordinates 

By means of  the relati- v = wr, &L = u, and a t  

the  equat ions 3 ( a )  become 

2~ + r a  = - h AE. 
P de 

Where & i s  the  t i m e  de r iva t ive  of the ve loc i ty  as 

is  zero a t  
6 t  

the p a r t i c l e  moves along a s t reamline and & a t  
any f ixed  point i n  the flow ( s teady  motion condi t ion) .  



- 
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4. Equp.tion of motion i n  one dimension w i t h  no extraneous 

fo rces  (X = Y = Z = 0). 

bU - + u- du +.- 1 d P & = ,  - 
b t  P dP 6X 

i n  which p i s  a unique func t ion  of p 
- 

5. The Bernoul l i  equation 

A. . D i f f e r e n t i a l  forms 

( a )  Simpl i f i ca t ion  of 3 u l e r ' s  equations by considering 

one-dimensional s teady  motion with 

y i e l d s  

X = Y = Z = 0 

- + ~ d w = O  dP 
P 

whore flow i n  B stream tube i s  considerDd and w i s  tho 

magnitude of  the r e s u l t a n t  ve loc i ty  as dofinod under 

notzt ion.  

(b) D i f f e r e n t i a l  equation expressed i n  t o m s  of 

- ve loc i ty '  of sound 

n2 9 + w dw = 0 

o r  - a d e + w d w = O  
P 2 

Y-1 

B. In tegra ted  fo rns  of the Bornoul l i  equat ion 

( c )  General Bernoulli equption f o r '  compressible flow 



. 
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C r i t i c a l  pressure r a t i o  o r  pressure r a t i o  corres-  

ponding to attainment of sonic  ve loc i ty  a t  some 

poin t  i n  the f i e l d  of f l o w  (equat ion 5 ( c )  

expressed i n  terms of local and stream condi t ions 

f o r  a local Mach number of  u n i t y )  

Y Y 

Equations r e l a t i n g  pressures at s tagnat ion  point  

and any o ther  point  along R st reamline 

o r  v 

The compressibi l i ty  f a c t o r  

? ( e )  may be expanded I n  a binomial s e r i e s  



. 

and w i t h  Y = 1.4, the compressibi l i ty  f a c t o r  

becomes 

Expressions f o r  the ve loc i ty  a t  any point  along 

a s t reamline 

Upon in t eg ra t ion  of 5 ( b )  there  i s  obts ined 

or 
__.I 

w - a  t!L 2 
O-.! y-1, I ..j 

The maximum a t t a inab le  ve loc i ty  is given by 

(expansion t o  zero pressure)  

E + w 2 = 2 a + w  2 2  
Y I I p  Y-1 

The Bernoul l i  equation i n  pressure c o e f f i c i e n t  

form 

Expression f o r  ve loc i ty  r a t i o  i n  t e r m s  of p r e s s u r e '  

c o e f f i c i e n t  and stream Mach number t 
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. 
and 

. 

where wcr = at (or  biz = 1) 

(1) Expression for l o c a l  Mach number in t e r n s  of  stream 

Mach nurnber and pressure c o e f f i c i e n t  

” /  Y - 1  - 
Y 

(m) Expression f o r  acce le ra t ion  along a st reamline 

(one-dimensional steady motion) 

incompressible f l o w  

dw Ws2 dP 
dt 2 d x  
- = -  -- 

compressible f l o w  
% 

* 

(n )  General expression f o r  the acce le ra t ion  o f  a 

f l u i d  p a r t i c l e  (two-dimensional s teady motion) 



The above expression is obtained by combining the 

expressions f o r  radial and t ransverse acce lera t ions  

(equat ion83(b)  page 13) with the equat ion of 

cont inui ty  (equation 3 page19 ). 

(0) E x p l i c i t  form of  the general  expression f o r  the 

acce le ra t ion  of  a f l u i d  p a r t i c l e  (two-dimensional 

s teady motion). 

If a re ference  system is  chosen s o  tha t  the r a d i a l  

component of' acce le ra t ion  i s  zero, the  genera l  

expression f o r  acce le ra t ion  nay be w r i t t e n  

Accelerat ion = 

[$ - 1 

6 .  Conditions f o r  i r r o t a t i o n a l  motion 

Equation i n  

or . 

rectangular  coordinates (two dimensions) 

Equation i n  polar  coordinates 



. 



* 00 

. 
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Equations of continuity 

1, Euler's form 

(a) For steady incompressible flow 

(b) For one-dimensional motion 

2. Lagrangian form (equation of continuity at time, t) 

Where p, = initial density at point 

a,b,c (as defined under equations of 

mot i on ), 

'(a) For an incompressible fluid 

3.  Polar form for two-d.imensiona1 steady motion 

4. The continuity conditions within a stream tube are 

defined by t 

pwS = constant (steady-motion condition) 
5. In two-dimensional steady motion, the continuity conditions 

at a fixed point in the flow plane are given by 
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6 .  By differentation of 4 there is obtained: 

(a) A t  minlmum section dS = 0 

hence: - dw = - 9 2  
W P 

(b) Substituting in Bernoulli's equation there is ob- 

tained the condition for maximam mass f low:  

Hence the velocity at the minimum section is 

equal to the l oca l  velocity of sound. 
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Combination of the Equations of Motion and Continui ty  

1. D i f f e r e n t i a l  equations 

2. Stream tube area r a t i o s  

where 

and 

@ = I + -  Y PMS2 = - 
.PS 2 

3.  Mass flow per  u n i t  time through a stream tube o r  

convergent-divergent nozzle 

4. Pressure r a t i o  f o r  maximum mass f l o w  

ai3y d i f f e r e n t i a t i o n  of ( 3 )  there  is obtained the  condi t ion 

f o r  maximum mass f l o w  



5. The mavimum m a s  3 

m 
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flow is 
.- - 





c 

. 

c 



c 

c 
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fiessure Coefficient (expressions for) 

1. Definition 

P =  1 Pz - ps (= 3 
2% ,s2 

2. Pressure coefficient in terms of velocity ratios 

(a) Incompressible flow 

3 * 

(b) Compressible flow 

Pres sure coefficient in terms of 
-. - 

P = F  

pressure ratios 

(b) In terms of' local and stream pressures 
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( c )  I n  terms of l o c a l  and s t agna t ion  pressures  

Y .-. 

4. The maximum negat ive pressure c o e f f i c i e n t  

(pressure  Coeff ic ien t  f o r  PL = 0 )  

5 .  C r i t i c a l  pressure coe f f i c i en t  or  pressure c o e f f i c i e n t  

corresponding t o  attainment of l o c a l  speed of sound 

a t  some point  i n  the f i e l d  of flow 

I-- Y 
- 

Y i 

. 

. 
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Subsonic Two-Dimensional Compressible Flow 

A. Solut ions i n  the physical plane 

1. Equations f o r  the ve loc i ty  p o t e n t i a l  

( incompressible f low 4 d2fn + - b20 - - 0) 
dx2 by2 

For two - d h e n s  i onal compress i b l e  f l o w  

or 

where 

U - = and u = - e tc .  - - “ X  - 
W S  

Tx - - ws, 0, w 
. Y Y  

-.. o r  

No general  s o l u t i o n  has been obtained f o r  subsonic f l o w ,  bu t  

these equat ions have been  solved completely f o r  s p e c i a l  

problems i n  supersonic  f l o w .  

2. Erandt l  obtains  an approximation f o r  t h i n  bodies a t  

low Mach numbers by assuming 
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( a )  Imposing these conditions on equat ion l ( a )  there  

i s  obtained 
c 

( b )  For incompressible f l o w  i n  the same coordinates 

vxx + oyy = 0 

- ( c )  Applying the transformation E = x and pl = yx;1-1d2 
t o  2(a) t he re  i s  obtained qzEe + 0 = 0 which _ -  TI 
is 2 ( b ) ,  the  incompressible case. It is found 

t h a t  the  e f f e c t  of c o n p r s s s i b i l i t y  is t o  expand 

the f i e l d  of f low i n  the r a t i o  
1 - - 

l,M!$ ""4 
t o  increase the induced ve loc i ty  r a t i o s  by the 

same f a c t o r .  Since the body is assumed tinin 

and the induced v e l o c i t i e s  therefore  small, the  

pressure coe f f i c i en t  

Mach number according to  ,&-$ 
P , also w i l l  vary w i t h  

1 - - 
3.  Equation l ( c )  i n  polar coordinates 

-1 

j b r  b~ r 

- 
(a) 5749 2as2 - (V-l)(Wz2 - 2 ) i  = 22 + 1 i22 bws2 

2 b e  be 1 wS 

4. Method of Rayleigh and Janzen 
m 

A f i r s t  approximation t o  ac tua l  f l o w  conditions i s  

. obtained from the incompressible case i 72 r  = 0. Using 

p a r t i c u l a r  so lu t ions  of V 3 = o of type 0 = r n  cos ne,  

the  r i g h t  hand s i d e  o f  3 ( a )  can be  ca lcu la ted  as a func t ion  
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of r and 8 = F; t h i s  method i s  repeated f o r  higher  

approximations . 
Second approximation 

71 20 = - 1 F ( r , 0 )  e t c .  
2 

2aS 

5. Method of Poggi (NACA T. R. No. 624) 

Poggl considers compressible flow t o  be replaced by 

an incompressible flow due t o  a d i s t r i b u t i o n  o f  s inks  and 

sources throughout the region of flow. 

St reng th  of d i s t r i b u t i o n  i n  the plane of the p r o f i l e  

and In  the p lane  of the c i r c l e  i n t o  which the p r o f i l e  i s  

mapped 

where r and 8 are the polar  coordinates i n  t h e  plane of 

the  c i r c l e ,  R and 6 a re  the r a d i u s  of the c i r c l e  i n t o  

which p r o f i l e  i s  mapped and the angular coordinate on this 

w is the magnitude of the ve loc i ty  I n  the plane o f  the 

p r o f i l e .  

The total induced ve loc i ty  a t  any po in t  P(R, 6 )  of 

the circular boundary by foregoing system of sources and 

s inks  i s  



- 20 - 

As the  f i r s t  approximation Aw is obtained from the sub- 

s t i t u t i o n  i n  above expression of incompressible values of 

v, u, and w . 2 

t hen  
W = w  + Aw colnp . inconp. 

- the  expression W i t h  the s h p l i f i c a t i o n  alocal - a  stream’ 

6 .  Method of Kaplan 

I n  a r e c e n t  paper, Kaplan has succeeded i n  obta in ing  

a s o l u t i o n  i n  the f o r m  of a s e r i e s  i n  t ( t h i c k n e s s  r a t i o  of 

body) which is  accurate for f a i r l y  th ick  shapes up t o  stream 

Mach numbers of unity;  he obtains  a s o l u t i o n  exac t  i n  

whereas Poggi g e t s  a s o l u t i o n  i n  the form of a s e r i e s  i n  

which i s  exac t  i n  t ( t h i c k n e s s  r a t i o  o f  body). 

method i s  slowly convergent i n  

PIs 

kIs 

Poggi’s 

M,, and hence, s ince  w e  a re  

almost elways i n t e r e s t e d  i n  high-speed flow about bodies f o r  

which t <O.3,  Kaplanfs method i s  superior .  T h i s  method 

e s t a b l i s h e s  a l i m i t i n g  value o f  the negative pressure coef- 

f i c i e n t  f o r  each Mach number (see fig. VI11 b). 



. 

. 
I 



c 

I - 29 - 
L 

Solut ions In  the Veloci ty  Plane 

!Jke hodograph method 

1. Introduct ion (as given by Temple and Yarwood) 

The hodograph method due t o  Molenbroek and Chaplygin 

i s  a method of  construct ing s teady i r r o t a t i o n a l  two- 

dimensional f i e l d s  of f l o w  of compressible f l u i d s  i n  which 

the  pressure i s  a prescr ibed funct ion of the  densi ty .  I n  

p a r t i c u l a r  i t  is  appl€cable t o  ad iaba t ic  o r  isothermal flow, 

and, i n  the case of  adiabatic f l o w ,  i t  is appl icable  t o  both  

subsonic and supersonic  conditions . 
of the  hodograph method, i s  t h a t  given a s teady  i r r o t a t i o n a l  

f i e l d  of flow of an incornfiressiblei f l u i d  around prescr ibed 

boundaries, i t  determines exact ly  a f i e l d  of conpressible  

flow around boundaries of approximately the same shape, 

Thus, given the incompressible f l o w  around an a i r f o i l ,  the  

hodograph method determines the compressible f l o w  around an 

a i r f o i l  of approximately the same form. 

The g r e a t  advantage 

The hodograph method s u f f e r s ,  however, from t w o  

disadvantages:  I n  the  f irst  place,  the boundaries i n  the 

f i e l d  of incompressible and compressible flow are  not 

exac t ly  the same. The boundaries i n  the compressible flow 

are  s l i g h t l y  d i s t o r t e d  by a n  amount increasing with the 

Mach number i n  the maln stream. 

the  f i e l d  of compressible flow i s  no t  given i n  a form 

s u i t a b l e  f o r  numerical computation. The expressions 

I n  the second place,  

. 
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obtained f o r  the "velocity pctentizil  and stream func.tj,on are 

exRct but  they w e  i n  the f o r m  o f  rn i n f i n i t e  series which 

crnnot be e a s i l y  sunmed a n a l y t i c a l l y  or numerically. 

2. General hodograph equations - 
( a )  Equation obtzined from expression f o r  9 i n  the 

physical  plane by means of the  Legendre contact  

t ransformation for two independent vnr iab les  

where 

(b) General hodograph equations f o r  a two-dimensional 

compressible gas. 

From the def ining expressions 

-16 dz d\lr = (udx + vdy) + i ( u d y  - vdx) = we 

and the  condi t ion 

666w &d 6 

t he re  a re  obtnined the  general  hodograph equations f o r  a 

two-dimensional compressible gas 
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( c )  Hodograph equations f o r  ad iaba t i c  flow 

i n  terms o f  

L 

( d )  Defining expressions f o r  Q and @ 

(obtained f r o m  equation l ( c ) )  

.- I-. 

b 
bT 
- 

.Y -. 

! 1-(y 
i 
L 

s o l u t i o n  

1 

4 7  b2 

Simpl i f i ca t ion  of 2( c )  by replacing the a d i a b a t i c  

r e l a t i o n  

r 

L 

L L L  
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p a i n t  

T s  i e n  approximating re1 a t i o n  

c 

ps , Ps ( f r e e  stream) leads  t o  the Von K&rdn- 

i s  chosen s o  t h a t  both r e l a t i o n s  are tengent a t  

-- P =  pi 

IC. Texple-Parwood s o l u t i o n  

A'kest poss ib le  approximationn t o  the s o l u t i o n  of the 

hoaog,?a?h equations is given  by Temple and Yarwood; the  

r z l a t i o n  between P and Pi assumes the form 

i 
i 

i Y 

.c 

a .  i : i  
1 cos -(n+ E) 

where 

and 
\ 

i'l - 
i 

! 
1 

2 - 
YI9, 2 

(1 
I-- 

oo < c < 900 

c 
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It is t o  be noted t h a t  i n  3 an approximation t o  the a c t u a l  

f l o w  conditions i s  nade while 4 approximates, w i t h  known 

accuracy, a mathematical expression of  the exac t  so lu t ion .  

The r e s u l t s  of Temple I s  paper are presented i n  seve ra l  

f i g u r e s ,  t he  f i r s t  of  which g ives  the value of the v e l o c i t y  

r a t i o  a t  any Mach number f o r  a given low-speed ( incompressible)  

v e l o c i t y  r a t i o .  
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dr- Hydr-aulic Analogy of Two-Dimensional Compressible Gas Flow 

r e  as Presented by Preiswerk and Others 

d In this s e c t i o n  the enthalpy o r  heat  content h is 

replaced by i = CPT and h denotes tk-9 water depth a t  

any ;>oint;  also, 

and hence g must now be re ta ined ,  

1. Physic81 requirements 

Cp is  defined for u n i t  weight of f l u i d  

Smooth water f l o w  w i t h  f r e e  surface over a ho r i zon ta l  

bcttom, s ide  boundaries v e r t i c a l .  

2. Energy consider a t ions  
I 

( a )  Equation f o r  wnter 

w2 = 2g(ho-h) 

and 

(b) Equation f o r  gas 

and 

and 1, are  def ined f o r  u n i t  weight cP where 

of f l u i d  

I 
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3.  Continui ty  considerations 

( a )  Equation f o r  water 

( b )  Equation f o r  gas 

Hence for i d e n t i c a l  expressions 

P - h  - - -  
P O  hO 

also s i n c e  for ad iaba t i c  f l o w  

the  ebove condi t ions r equ i r e  Y = 2. 

4. m e  v e l o c i t y  p o t e n t i a l  

( a )  D i f f e r e n t i a l  equation f o r  v e l o c i t y  p o t e n t i a l  of 

the water flow 
0 

(b) D i f f e r e n t i a l  equation for  v e l o c i t y  p o t e n t i a l  of 

two-dimensional compressible gas flow 

I 
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5. The complete hydraul ic  analogy may be summarized as 

f o l l o w s  : 

Two-dirnensional Liquid flow w i t h  f r e e  
gas flow sur face  i n  g r a v i t y  

Nature of the flow Hypothetical gas Incompressible f l u i d  

f i e l d  

medium w i t h  Y = 2 ( e  . g. water ) 

Side  bound sr i e  s 
geometric ~ l l y  
s i m i  1 sr 

Analogous magnitudes Velocity W, 2 
w m a x  a 

Temp. r a t i o  - T 
To 

Density r a t i o  P 

Pressure r a t i o  P 
PO 

Pressure on the 
s i d e  boundary 

wz l l s  E 
PO 

Side boundary ver  t i  c a1 
bo t  tom hor i zon ta l  

Veloci ty  -y  W - W 
wmax a 

VEter depth r e t i o  h 

Water depth r a t i o  h 
hO 

hO 

Square o f  water depth 

r a t i o  (tr 
Force on the v e r t i c a l  

w a l l s  

Somd ve loc i ty  a 

Nach number E 

Bave v e l o c i t y  a 
Each number W 

45 c 

Subsonic flow Strecaning water 

Supersonic f l o w  Shooting water 

Compressive shock Hydraulic jump 
( r i g h t  and s l a n t )  (normal and s l a n t )  

c 
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An E l e c t r i c  Analogy of Two-Dimensional Compressible Flow 

''Through three  s h o r t  notes by Riabouchinsky and 

Demtchenko i n  the Comptes Rendus of the P a r i s  Academy, 1932, 

an o l d  work by Tchaplygin wr i t ten  i n  the  Russian language 

i n  1904 became known, wherein it wes shown t h a t , f o r  the case 

of  two-dimensional f low,  the  problem may, by t ransformation 

t o  new coordinates ( rectangular  o r  p o l a r ) ,  be presented i n  

such 8 form t h a t  a p o t e n t i a l  flow between t w o  p l a t e s  a t  a 

predetermined var iab le  d i s  tmce apa r t ,  may be represented 

by an e l e c t r i c  f l o w  i n  an e l e c t r o l y t e  of var iab le  depth. 

One coordinate 1 w i l l  be a funct ion of the r a t i o  of the 

' 

. 

locl~i l  ve loc i ty  t o  the ncwinum (which may n a t u r a l l y  Klso be 

w r i t t e n  iis R funct ion o f  the r a t i o  of the dens l ty  t o  the 

maximum d e n s i t y ) ;  the other  coordinate,  8 , i s  the d i r e c t i o n  

mgle  of the ve loc i ty  o f  the  flow, the var iab le  di 'stznce 

between the two p l a t e s  being P, func t ion  o f  the f i r s t  

coordinate only. '\ 

. 

I 

, 


